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A fast periodic perturbation of the pendulum

We consider anon-autonomous periodicperturbation of the pendulum

ẍ = sinx + µ sin
t

ε

whereε ≪ 1 andµ is not necessarily small.

Hamiltonian:

H(x, y, t) =
y2

2
+ (cosx − 1) − µx sin

t

ε
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Non perturbed systemµ = 0

π 2π

y

x
0

Non-perturbed system:The classi-

cal pendulum

ẍ = sinx

Moreover:

• Phase space:(x, y) ∈ T
1 × R.

• It has an hyperbolic fixed point

at (0, 0) with two separatrices.
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For ε 6= 0: The perturbed system

Wu Ws

y

x

t
2π

• 3-dimensional phase space.

• There exists ahyperbolic peri-

odic orbit.

• The invariant manifolds are

now 2-dimensional.

• They do not coincide→ the

separatrix breaks down cre-

ating transversal intersections

which lead to chaos in a layer

of the former separatrix.

The width of this layer turns out to be exponentially small (even if the

perturbation is big).
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The 2πε-time Poincaré map formulation

(x0, y0)(x0, y0)

(xp(t0), yp(t0)) P t0(xp(t0), yp(t0))

t = t0 t = t0 + 2πε

P t0(x0, y0)

P t0(x0, y0)

(xp(t0), yp(t0))

t = t0 ≡ t0 + 2πε

From the perturbed system it can be derived adiscrete dynamicalsystem

considering the2π-time Poincaŕe map.
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The splitting of separatrices in the Poincaŕe map

t0y

x
2π

• Considering the Poincaré map,

we obtain this picture.

• The manifolds intersect form-

ing lobesbetween them.

• The area of these lobes is

invariant by iteration of the

Poincaŕe map due to thesym-

plectic structure.
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Perturbative approach in µ: Classical Melnikov Theory

If we takeµ as a small parameter and consider a perturbative approach in

µ, we can apply classical Melnikov Theory:

• The distance between manifolds is given by:

d(ε) = 2πe−
π
2ε µ + O(µ2)

• The area of the lobes is given by:

A(ε) = 8πε−1e−
π
2ε µ + O(µ2)
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Consider the area formula:

A(ε) = 8πε−1e−
π
2ε µ + O(µ2)

If we takeµ = εp for p > 0 (which is the natural relation):

A(ε) = 8πe−
π
2ε εp−1 + O(ε2p)

Therefore:

• If µ = εp, the remainder is bigger than the Melnikov prediction.

• In order to be valid the Melnikov prediction we must have

µ = O
(

e−
π
2ε

)

: µ has to beexponentially smallwith respect toε
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Another classical perturbative approach

To understand what is happening, we can look for parameterizations of
the manifolds

xu(r, ε), xs(r, ε)

→ Sinceε is small, we can look for formal solutions as a power series of
ε:

xα(r, ε) = x0(r) + εxα
1 (r) + ε2xα

2 (r) + . . . for α = u, s

where we have omitted the dependency onµ.

For these problems of fast perturbation:

xu
k(r) = xs

k(r) ∀k ∈ N

Conclusion:
xu(r, ε) − xs(r, ε) = O(εk) ∀k ∈ N

→ Proceeding formally we see that their difference isbeyond all orders.
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What is happening?

Two options:

1 Both manifolds coincide also in the perturbed case (the perturbed

system is alsointegrable) → the power series inε is convergent:

2 Both manifolds do not coincide→ the power series inε is divergent

and the difference between manifolds has to beflat with respectε.

In the perturbed pendulum equation is happening the second option

→ In fact, we will see that their difference isexponentially smallwith

respectε.
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Questions

• When does the Melnikov Theory predict correctly the asymptotic

formula of the splitting?

• When it does not, how is the asymptotic formula?
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• We will show that for

ẍ = sinx + µεp sin
t

ε

providedp ≥ −6:

1. There exists a hyperbolic periodic orbit.

2. The difference between its invariant manifolds is exponentially

small

• Attention: if p ∈ (−6, 0) theperturbation is biggerthan the original

system but the splitting is still exponentially small

• Forp ≥ −2 we will give anasymptotic formulafor the splitting.

• Forp ∈ (−6,−2) we will give exponentially small bounds.
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In order to simplify the notation:

ẍ = sinx +
µ

ε2
sin

t

ε
with µ = O(εs), s ≥ 0

We reparameterize the timeτ = ε−1t.

New Dynamical System:






x′ = εy

y′ = ε sinx + µε−1 sin τ

−→ For systems of the formx′ = εf(x, t) periodic in time:Averaging

Theoryallows to focus on the dominant part of the equation.
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Averaging Theory (I)

In our system, two steps of averaging correspond to the change of
variables:





x

y



 −→





x + µ sin τ

y + µε−1 sin τ





New system:






x′ = εy

y′ = ε sin (x − µ sin τ)

Now the perturbation hasthe same (or smaller size)than the non
perturbed system.

Main idea: In these cases of fast perturbation, we are in a perturbative
frame even when the perturbation and the non-perturbed system have the
same sizein some complex domain
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Averaging Theory (II)

Performing this change of variables, we have changed the perturbation,

but also thenon-perturbed integrable system.

• Since our system is of the formx′ = εf(x, t) and isnon-autonomous

and2π-periodic,the integrable system is given by the averaged

systemsx′ = εf̄(x) where

f̄(x) =
1

2π

∫ 2π

0

f(x, t)dt

• In our case:






x′ = εy

y′ = εJ0(µ) sinx

whereJ0(µ) is theBessel functionof first order.
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The Bessel functionJ0(µ)

It is defined by:

J0(µ) =
1

2π

∫ 2π

0

cos(µ sin τ)dτ

Moreover,

• Forµ small (µ = O(εs) with s > 0): J0(µ) = 1 + O(µ2)

−→ If s > 1/2 the averaged system isε-closeto the classical
pendulum (and we are in a classical perturbative setting).

−→ For s ∈ [0, 1/2], the averaged system is not close enough to the
original one and we will obtain different results.

• If we considerµ0 the first zero ofJ0(µ) → We have to impose thatµ
belongs to[0, µ0)
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Main theorem

Recall the system:






x′ = εy

y′ = ε sinx + µε−1 sin τ

Then, forε sufficiently smallandµ < µ0, thearea of the lobesis given by

theasymptotic formula:

A = ε−1e
−

π

2ε
√

J0(µ)

(

4|f(µ)| + µO
(

1

ln(1/ε)

))

wheref(µ) = 2πµ + O(µ3) is an analytic function.

Attention: This asymptotic formula still holds whenµ = O(1) with
respect toε (that is when the size of the perturbation is the same of the

unperturbed system).
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Validity of the Melnikov function prediction (I)

Following the notation:

ẍ = sinx +
µ

ε2
sin

t

ε

and using

J0(µ) = 1 + O(µ2) andf(µ) = 2πµ + O(µ3)

whenµ is small, we can check the validity of the Melnikov function.

First case:µ ≤ O(εs) for s > 1/2.

A = ε−1e−
π
2ε

(

8πµ + µO
(

1

ln(1/ε)

))

Conclusion: the asymptotic formulacoincidewith theMelnikov formula
predictionwhich was nota priori true due to theexponentially smallness.
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Validity of the Melnikov function prediction (II)

Second case:µ ≤ O(εs) for s ∈ (0, 1/2).

A = ε−1e
−

π

2ε
√

J0(µ)

(

8πµ + µO
(

1

ln(1/ε)

))

This is the Melnikov formula if we consider as unperturbed system de

averaged system






ẋ = y

ẏ = J0(µ) sinx

Conclusion: In some sense, in this case the Melnikov function still works.
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Validity of the Melnikov function prediction (III)

Third case: µ = O(1) with respect toε

−→ in this caseµ is a fixed constant independent ofε.

Then:

• Even when the perturbation and the integrable system have the same

size, the splitting of separatrices isexponentially small.

• The asymptotic formula depends on thefull jet of f(µ).

• The Melnikov functionfails to predictthe splitting of separatrices.

20



How do we study the difference between manifolds?

• Since the separatrix has singularities at±iπ/2, it is expected that the

perturbed manifolds have singularities close to them.

• Close to these singularities(and therefore close to±iπ/2) these

manifolds are very big→ It is easier to study there their difference.

• We look for a good approximation of the manifolds close to the

singularities (at a distance of orderε of ±iπ/2 they are not well

aproximated by the separatrix).

• Their difference is studied through aBorel resumation processwhich

givesf(µ) (Resurgence Theory by Jean Ecalle).

• From the (algebraically small) difference between manifolds close to

the singularities we will derive the (exponentially small)difference

between manifolds for real values of the variables.
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Main ideas of our proof

• Following P. Lochak, J. P. Marco and D. Sauzin, we do not use
parameterizations of the manifolds: we write them as agraphand we
study them as solutions of theHamilton-Jacobi equation.

• Following V. F. Lazutkin, we study the manifolds for complextime
up to a distanceO (ε ln(1/ε)) of the singularities of the separatrix.

• Close to the singularities, the first order of the manifolds are solution
of a new Hamilton-Jacobi equation calledinner equation(analogous
to the Reference System of V. Gelfreich).

• To compute thedifference between manifolds, we use that it is a
solution of a linear PDE.

• We donotuseflow-box coordinates.

• This allows us to compute the splitting of separatrices in theoriginal
variables.
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Splitting of separatrices for a bigger perturbation (I)

• Recall our model

H(x, y, t) =
y2

2
+ J0(µ)(cosx − 1) + sinx cos

(

µ sin
t

ε

)

+(cosx − 1)

(

cos

(

µ sin
t

ε

)

− J0(µ)

)

• Takeµ = εp with −4 < p < 0, thenµ → ∞ asε → 0.

• Then

J0(µ) ∼
√

2

πµ
cos

(

µ − π

4

)

asµ → +∞

• Takeε such thatcos
(

µ − π
4

)

is of order one with respect toε.

• The perturbation is still bigger than the unperturbed system.

• But, for ε > 0 small enough (holding the previous hypotheses) the
perturbed system still has a hyperbolic periodic orbit and so there is
still the question of the splitting of its invariant manifolds
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Splitting of separatrices for a bigger perturbation (II)

• For these system, we can still bound the difference between the

invariant manifolds.

• The maximal distanced between them is bounded by

d ≤ Cε2−4γe
−

1

ε
√

J0(µ)

(

π
2 − aεγ

)

wherea andγ are any numbers holding

a > 0 and 0 < γ < 1 +
p

4
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Splitting of separatrices for a bigger perturbation (II)

Remarks

• This bound is not optimal.

• To obtain an asymptotic expression for the splitting it would be

needed

1. To perform more steps averaging and study how thesingularities

of the separatrix movewhen we add the new averaged terms.

2. To study the perturbed invariant manifolds close to the singularity

of the new averaged (integrable) system, as it has been done

before.

25



Splitting of separatrices for µ close to zeros of the Bessel
function (I)

• Recall our model

H(x, y, t) =
y2

2
+ J0(µ)(cosx − 1) + sinx cos

(

µ sin
t

ε

)

+(cosx − 1)

(

cos

(

µ sin
t

ε

)

− J0(µ)

)

• Takeµ = µ0 − εr with 0 < r < 2, then

J0(µ) ∼ µ − µ0 ∼ εr

• The averaged system is smaller than the perturbation.

• For ε > 0 small enough the perturbed system still has a hyperbolic

periodic orbit and so there is still the question of the splitting of its

invariant manifolds
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Splitting of separatrices for µ close to zeros of the Bessel
function (II)

• For these system, we can still bound the difference between the

invariant manifolds.

• The maximal distanced between them is bounded by

d ≤ Cε2−4γe
−

1

ε
√

J0(µ)

(

π
2 − aεγ

)

wherea andγ are any numbers holding

a > 0 and 0 < γ < 1 − r/2
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Questions:

• How can we obtain an asymptotic expression of the distance between

manifolds?

• What happens forµ = µ0 − εr with r ≥ 2?
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Caseµ = µ − εr with r ∈ (0, 2)

• To obtain an asymptotic expression for the splitting it would be

needed

1. To perform more steps averaging and study how thesingularities

of the separatrix movewhen we add the new averaged terms.

2. To study the perturbed invariant manifolds close to the singularity

of the new averaged (integrable) system, as it has been done

before.

• The distance between manifolds is expected to be order

d ∼ εβe−α/ε

whereβ ∈ R andα > is the imaginary part of the singularity of the

new averaged system.
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Caseµ = µ − εr with r > 2

• To understand what happens forµ = µ0 − εr with r ≥ 2, we first

studyµ = µ0.

• Forµ = µ0, the system has zero average and period2πε.

Then,

• We perform one step more of averaging.

• We study the new averaged system.
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After one step of averaging and rescalingy = εȳ andt = s/ε to have the

averaged system of order one :






















dx̄

ds
= ȳ + h1

( s

ε2

)

cos x̄ + h2

( s

ε2

)

sin x̄

dȳ

ds
= 〈m〉 (x̄) − 1

ε
ȳ

(

h1

( s

ε2

)

sin x̄ − h2

( s

ε2

)

cos x̄
)

+

+
(

m
(

x̄,
s

ε2

)

− 〈m〉(x̄)
)

.

where

• hi are2π-periodic functions.

• m is 2π periodic function in the second variable with average

〈m〉(x) = a1 sin(2x) + a2 cos(2x)
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Now the system is a2πε2-periodic perturbation of the integrable averaged

system










dx̄

ds
= ȳ

dȳ

ds
= 〈m〉 (x̄),

Averaged system: Has a double well potential with two hyperbolic critical

points in the same level of energy.

y

x
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Takingµ = µ0 − εr with r > 2, the averaged system is










dx̄

ds
= ȳ

dȳ

ds
= 〈m〉 (x̄) + O(εr−2) sinx.

Then,

• The two hyperbolic critical points belong to different levels of energy.

• The heteroclinic connections bifurcate into four homoclinic orbits.

y

x
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To study the splitting of any of these homoclinic orbits:

• Study the singularities of the heteroclinic orbits forµ = µ0.

• See how they change when we consider the full averaged system.

• Study the full system close to these singularities to obtainan

asymptotic expression for the distance between manifolds.

Then, it is expected that this distance is of order

d ∼ εβe−d/ε2

whereβ ∈ R andd is the imaginary part of the singularity of the averaged

system.
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Bifurcations in the averaged system

In a curve given at first order byµ = µ0 − cε2 for certainc > 0 occurs a

saddle-center bifurcation:

• One hyperbolic and one elliptic fixed points merge.

• One of the homoclinic orbits of the figure eight disappears.

• The other one becomes a periodic orbit.
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Splitting of separatrices for a meromorphic perturbation

• Consider the model

ẍ = sinx + εp sin x

(1 − α sinx)2
sin

t

ε

whereα ∈ (0, 1).

• It has Hamiltonian

H(x, y, t) =
y2

2
+ cos x − 1 + εpm(x) sin

t

ε

wherem is the primitive of
sinx

(1 − α sin x)2
.

• (0, 0) is a hyperbolic periodic orbit even for the perturbed system.
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Computation of the Melnikov function

• Melnikov function:

M(t0) = εp

∫ +∞

−∞

y(u)
sinx(u)

(1 − α sinx(u))2
sin

(

u + t0
ε

)

du

= 4εp

∫ +∞

−∞

sinhu coshu
(

cosh2 u − 2α sinhu
)2 sin

(

u + t0
ε

)

du

• The first order of this integral can be computed using residues

theorem.
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Computation of the Melnikov function (II)

• If α = O(εq) with q > 2: Since the integral is uniformly convergent

in the reals, we can expandM(t0) in power series ofα and split the

integral

M(t0) = 4εp
∞
∑

k=0

(k + 1)2kαk

∫ +∞

−∞

sinhk+1 u

cosh2k+3 u
sin

(

u + t0
ε

)

du

• Its first term gives the bigger contribution to the splitting

M(t0) ∼ 4πεp−2e−
π
2ε

• In that case, the exponential coefficient is given by the complex

singularity of the separatrix.

• Conclusion: If the analyticity strip of the perturbation isbig enough,

the size of the splitting is given as in the entire perturbation case.

38



Computation of the Melnikov function (III)

• If α = O(εq) with q ∈ [0, 2], the integral of the summands is bigger

ask increases.

• We look for the singularities of the integrand.

• Consideru∗ = σ ± iρ singularities of the integrand closest to the

reals.

• If α is smallρ = ±
(π

2
−
√

α + O(α)
)

• Then, Melnikov is given by

M(t0) ∼ e−
ρ
ε

(

εp−1

√
α

+ smaller terms

)

39



Validity of the Melnikov prediction

• If α = O(εq) with q > 2 andε is small enough: Melnikov function

predicts correctly the splitting providedp > 0.

• The limit casep = 0 (integrable system and perturbation of the same

order) can be studied as in the entire case.

• If α = O(εq) with q ∈ [0, 2], ε is small enough andα < 1: Melnikov

function predicts correctly the splitting providedp +
q

2
− 1 > 0.

• The limit casep+
q

2
− 1 = 0 seems that has to be studied considering

an inner equation close to the singularities of the perturbation.
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