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A fast periodic perturbation of the pendulum

We consider anon-autonomous periodperturbation of the pendulum
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wheres < 1 andyu is not necessarily small.

Hamiltonian:
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H(x,y,t) = 5 + (cosx — 1) —,uxsing




Non perturbed systemy = 0
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Non-perturbed systemlhe classi-
cal pendulum

T =-sing

Moreover:
e Phase spacéxr,y) € T! x R.

e It has an hyperbolic fixed point
at (0, 0) with two separatrices.




For € £ 0: The perturbed system

e 3-dimensional phase space.

e There exists dyperbolic peri-
odic orbit

The Invariant manifolds are
now 2-dimensional.

They do not coincide— the
separatrix breaks down cre-
ating transversal intersections
which lead to chaos in a layer
of the former separatrix.

The width of this layer turns out to be exponentially smalefe if the
perturbation is big)




The 27e-time Poincaré map formulation
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From the perturbed system it can be deriveltiszrete dynamicaystem
considering th@x-time Poincag map.




The splitting of separatrices in the Poincaé map

e Considering the Poincamap,
to we obtain this picture.

e The manifolds intersect form-
Ing lobesbetween them.

e The area of these lobes is
Invariant by iteration of the
Poincaé map due to theym-
plectic structure




Perturbative approach in n: Classical Melnikov Theory

If we take, as a small parameter and consider a perturbative approac
1, we can apply classical Melnikov Theory:

e The distance between manifolds is given by:
d(e) = 27T6_27T_€,u + O(u?)

e The area of the lobes is given by:

Ae) = 8%5_16_2%,u + O(u?)




Consider the area formula:

Ae) = 8%6_16_2%/1 + O(p?)

If we takep = &P for p > 0 (which is the natural relation):

A(e) = 8me~2cP~L 1 O(e2P)

Therefore:
o If 1 = P, the remainder is bigger than the Melnikov prediction.

e |n order to be valid the Melnikov prediction we must have
uw=0 (6_2_5): 1 has to beexponentially smaklvith respect ta




Another classical perturbative approach

To understand what is happening, we can look for parameteirs of
the manifolds

xz'(r,e), z°(r,€)

— Sincee Is small, we can look for formal solutions as a power series (

% (r,e) = zo(r) +exf(r) +*z§(r) +... fora=u,s

where we have omitted the dependencyuon

For these problems of fast perturbation:
xp(r)=x;(r) Vk e N

Conclusion

z¥(r,e) —a%(r,e) = O(e¥) Vk € N

— Proceeding formally we see that their differenceegond all orders




What is happening?

Two options:
1 Both manifolds coincide also in the perturbed case (theigsd
system is alsintegrablg¢ — the power series ia is convergent

2 Both manifolds do not coincide> the power series ia is divergent
and the difference between manifolds has tdl@ewith respect.

In the perturbed pendulum equation is happening the seqatn@ho
— In fact, we will see that their difference &xponentially smahvith

respect.




Questions

e When does the Melnikov Theory predict correctly the asyrinpto
formula of the splitting?

e When it does not, how is the asymptotic formula?




e We will show that for

. .t
& = sinx + peP sin —
3

providedp > —6:

1. There exists a hyperbolic periodic orbit.

2. The difference between its invariant manifolds is expiady

small

e Attention: if p € (—6,0) theperturbation is biggethan the original
system but the splitting is still exponentially small

e Forp > —2 we will give anasymptotic formuldor the splitting.

e Forp € (—6,—2) we will give exponentially small bounds




In order to simplify the notation:

t .
T =sinx + %sin— with = O(e%),s > 0
3 3

We reparameterize the time= ¢~ '+.
New Dynamical System:

x = ey

y' = esinx + pue tsinT

— For systems of the form’ = ¢ f(z, t) periodic in time:Averaging
Theoryallows to focus on the dominant part of the equation.




Averaging Theory (1)

In our system, two steps of averaging correspond to the eahg
variables:
T+ psinT

Y+ petsinT

New system:

x = ey

Yy =esin(r — psinT)

Now the perturbation hasie same (or smaller siz#)an the non
perturbed system.

Main idea In these cases of fast perturbation, we are in a pertudativ
frame even when the perturbation and the non-perturbedmysave the
same sizen some complex domain




Averaging Theory (I1)

Performing this change of variables, we have changed tharpation,
but also thenon-perturbed integrable system

e Since our system is of the formi = ¢ f(x, t) and isnon-autonomous
and2m-periodigthe integrable system is given by the averaged
systemsy’ = ¢ f(x) where

1 2

f(.il?) o f(:l?,t)dt
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e |n our case:

x = ey

Yy = eJo(p)sinx

whereJy (1) is theBessel functiorof first order.




The Bessel functionJy ()
It is defined by:
1

T o
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Moreover,

e Forpsmall (u = O(e®) with s > 0): Jo(u) = 1+ O(p?)

— If s > 1/2 the averaged systemdscloseto the classical
pendulum (and we are in a classical perturbative setting).

— Fors € |0,1/2], the averaged system is not close enough to th
original one and we will obtain different results.

e If we consideru the first zero ot/ (1) — We have to impose that
belongs tgo, 1)




Main theorem
Recall the system:

x = ey

1

y =esinx + pe”€inT

Then, fore sufficiently smallandy < p, thearea of the lobets given by
theasymptotic formula

s

A=c"le 2V W) (4\f(ﬂ)|+“0 (m(i/&:)))

wheref(u) = 2mu + O(p?) is an analytic function.

Attention: This asymptotic formula still holds whean= O(1) with
respect ta (that is when the size of the perturbation is the same of the
unperturbed system).




Validity of the Melnikov function prediction (I)

Following the notation:

. : wo. ot
:1:281n:1:+—28m—
€ €

and using
Jo(p) =14 O(p?) andf(u) = 2mp + O(1°)

wheny is small, we can check the validity of the Melnikov function.

First caseu < O(e®) for s > 1/2.

A=eTleTe (8“““0 (mﬁ/g)))

Conclusion the asymptotic formulaoincidewith the Melnikov formula
predictionwhich was not priori true due to thexponentially smallness




Validity of the Melnikov function prediction (1)

Second case: < O(e®) for s € (0,1/2).

Zi

A= le 25v/To(n) (87T,u_|_,u(9( 1 ))

In(1/¢)

This is the Melnikov formula if we consider as unperturbesteyn de

averaged system
T =1
Yy = Jo(p)sinz

Conclusion In some sense, in this case the Melnikov function still veork




Validity of the Melnikov function prediction (l11)

Third case ;4 = O(1) with respect te
— In this caseu is a fixed constant independentsof

Then:

e Even when the perturbation and the integrable system havesatine
size, the splitting of separatricesagponentially small

e The asymptotic formula depends on thé jet of f(u).

e The Melnikov functionfails to predictthe splitting of separatrices.




How do we study the difference between manifolds?

Since the separatrix has singularitiestair /2, it is expected that the
perturbed manifolds have singularities close to them.

Close to these singularitiéand therefore close tty 7 /2) these
manifolds are very big- It is easier to study there their difference.

We look for a good approximation of the manifolds close to the
singularities (at a distance of ordepof +i7 /2 they are not well
aproximated by the separatrix).

Their difference is studied throughBorel resumation procesghich
gives f (1) (Resurgence Theory by Jean Ecalle).

From the (algebraically small) difference between maddatlose to
the singularities we will derive the (exponentially smalifference
between manifolds for real values of the variables.




Main ideas of our proof

Following P. Lochak, J. P. Marco and D. Sauzin, we do not use
parameterizations of the manifolds: we write them gsaphand we
study them as solutions of thiéamilton-Jacobi equation

Following V. F. Lazutkin, we study the manifolds for complaxe
up to a distanc® (¢1n(1/¢)) of the singularities of the separatrix.

Close to the singularities, the first order of the manifolassolution
of a new Hamilton-Jacobi equation callgther equatior{fanalogous
to the Reference System of V. Gelfreich).

To compute thealifference between manifolgwe use that itis a
solution of a linear PDE

We donot useflow-box coordinates

This allows us to compute the splitting of separatrices @wtinginal
variables




Splitting of separatrices for a bigger perturbation (1)
e Recall our model
2 t

H(z,y,t) = % + Jo(p)(cosz — 1) + sin x cos (,u sin E)

+(cosz — 1) <cos (M sin g) _ JO(M)>

Takep = P with —4 < p < 0, theny — oo ase — 0.
Then

2 s
Jo(p) ~ — COS (,u - Z) as/, — +oo

Takee such thatos (1 — ) is of order one with respect to

The perturbation is still bigger than the unperturbed syste

But, fore > 0 small enough (holding the previous hypotheses) the
perturbed system still has a hyperbolic periodic orbit amthsre is
still the question of the splitting of its invariant manifisl




Splitting of separatrices for a bigger perturbation (I1)

For these system, we can still bound the difference betwesn t
invariant manifolds.

The maximal distancé between them is bounded by

5 (5 —ae")

d< O e VDo

wherea and~ are any numbers holding

a>0 and O<7<1+§




Splitting of separatrices for a bigger perturbation (1l)

Remarks
e This bound is not optimal.

e To obtain an asymptotic expression for the splitting it vebioé
needed

1. To perform more steps averaging and study howstheularities
of the separatrix movevhen we add the new averaged terms.

2. To study the perturbed invariant manifolds close to thgudarity
of the new averaged (integrable) system, as it has been done

before.




Splitting of separatrices for ;. close to zeros of the Bessel
function (1)

Recall our model

2

t
H(x,y,t) = %+Jo(u)(cosaz—1)+sin:ccos ,using)

+(cosz — 1) (cos (M sin g) - Jo(u)>

Takey = pg — " with 0 < r < 2, then
Jo(p) ~ pp—po ~ €

The averaged system is smaller than the perturbation.

Fore > 0 small enough the perturbed system still has a hyperbolic
periodic orbit and so there is still the question of the spbf of its
Invariant manifolds




Splitting of separatrices for ;. close to zeros of the Bessel
function (1l)

e For these system, we can still bound the difference betwesn t
Invariant manifolds.

e The maximal distanceé between them is bounded by

1 (3 — aa”)

2

d < 052—476_6\/ Jo (1)
wherea and~ are any numbers holding

a>0 and 0<~vy<1l—1r/2




Questions:

e How can we obtain an asymptotic expression of the distaniveces
manifolds?

e What happens for = pg — ™ with r > 27?




Casey = u — &" with r € (0,2)

e To obtain an asymptotic expression for the splitting it vebloie
needed

1. To perform more steps averaging and study howsthegularities
of the separatrix moverhen we add the new averaged terms.

2. To study the perturbed invariant manifolds close to thgudarity
of the new averaged (integrable) system, as it has been done
before.

e The distance between manifolds is expected to be order

d~ gPema/e

where( € R anda > is the imaginary part of the singularity of the
new averaged system.




Casey = pu — " with r > 2

e To understand what happens o= g — " with r > 2, we first
studyu = po.

e Foru = ugp, the system has zero average and peziog
Then,
e \We perform one step more of averaging.

e \We study the new averaged system.




After one step of averaging and rescalipg: ey andt = s/ to have the
averaged system of order one :

Y+ hq (5) cos T + ho (5) sin &

_ 1 S
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where
e h,; are2m-periodic functions.

e m IS 27 periodic function in the second variable with average

(m)(x) = aq sin(2x) + az cos(2x)




Now the system is ars2-periodic perturbation of the integrable averag

system
)

=y
= (m) (2),

\
Averaged systermHas a double well potential with two hyperbolic critica

points in the same level of energy.
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Takingu = ug — " with r > 2, the averaged system is

(

Then,
e The two hyperbolic critical points belong to different l&vef energy.

e The heteroclinic connections bifurcate into four homaclorbits.

Y




To study the splitting of any of these homoclinic orbits:
e Study the singularities of the heteroclinic orbits foe= 1.
e See how they change when we consider the full averaged system

e Study the full system close to these singularities to oldain
asymptotic expression for the distance between manifolds.

Then, it is expected that this distance is of order

d ~ 556_d/€2

wheres € R andd is the imaginary part of the singularity of the averag
system.




Bifurcations in the averaged system

In a curve given at first order by = 1o — ce? for certaine > 0 occurs a
saddle-center bifurcation:

e One hyperbolic and one elliptic fixed points merge.
e One of the homoclinic orbits of the figure eight disappears.

e The other one becomes a periodic orbit.




Splitting of separatrices for a meromorphic perturbation

e Consider the model

. : sin & ot
T =sinx + &’ — sin —
(1 — asinx) 3

wherea € (0, 1).

e It has Hamiltonian

2 t

H(x,y,t) = % + cosx — 1+ ePm(x) Sing

: L si
wherem is the primitive of e

(1 —asinz)”

e (0,0) is a hyperbolic periodic orbit even for the perturbed system




Computation of the Melnikov function

e Melnikov function:

M(ty) =eP /+OO " sin x(u)u))2 . <u + 1

— o0 (1 — arsin x(

oo inh h
_ 4€p/ sinh u cosh u sin (
—00 (cosh2 u — 2asinh u)

e The first order of this integral can be computed using residue
theorem.




Computation of the Melnikov function (1l)

If « = O(e?) with ¢ > 2: Since the integral is uniformly convergent
in the reals, we can expand (¢y) in power series ofv and split the
Integral

M(to) = 4eP Z(k + 1)2kak/ o % sin (u 1l O) du

0 _eo cosh® Ty 3

Its first term gives the bigger contribution to the splitting

M (tg) ~ dreP™2%e" 2e
In that case, the exponential coefficient is given by the derp
singularity of the separatrix.

Conclusion: If the analyticity strip of the perturbationaig) enough,
the size of the splitting is given as in the entire pertudnatase.




Computation of the Melnikov function (lll)

If « = O(e?) with ¢ € |0, 2], the integral of the summands is bigger
ask increases.

We look for the singularities of the integrand.

Consideru* = o + 1p singularities of the integrand closest to the
reals.

If o is smallp = + (g —Va+ O(a))

Then, Melnikov is given by
gp—1

M(to) ~e \/a

+ smaller termé




Validity of the Melnikov prediction

If « = O(e?) with ¢ > 2 ande is small enough: Melnikov function
predicts correctly the splitting provided> 0.

The limit casep = 0 (integrable system and perturbation of the sa
order) can be studied as in the entire case.

If « = O(e?) with ¢ € |0, 2], € is small enough and < 1: Melnikov
function predicts correctly the splitting provided:+ g —1>0.

The limit casep + % — 1 = 0 seems that has to be studied consideri

an inner equation close to the singularities of the pertizha




