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Integrable Hamiltonian Systems with a fast periodic or quagoeriodic
perturbation

Consider anon-autonomouperturbation of a one degree of freedom
hamiltonian

t t
H (xvya g) — Ho(ZU,y) + MEnHl (xvya g)

such thaty > 0, ¢ < 1 andpu Is a parameter not necessarily small.

Assume
e H is analytic.

e H, has a hyperbolic fixed point whose stable and unstable avari
manifolds coincide along separatrix

e H, dependperiodically or quasiperiodically ohand has zero
average




Unperturbed Hamiltonian H
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e Phase space(z,y) €
T! x R.

e It has an hyperbolic
fixed point at(0, 0) with
two separatrices.




e What happens to the (upper) separatrix when we add the
perturbation?

e \We know that the perturbed invariant manifolds are expaakyt
close (Neisthadt, Sij.

e \\We want

— To obtain an asymptotic formula for the distance between the
perturbed invariant manifolds.

— This will allow us to see when the separatbiseaks down
creatingtransversal intersections




This problem has been studied thoroughly in the last decades

Most of the results in the literature assume that the Hamdio has
trigonometric or algebraic polynomial dependence on tagest
variables(z, y).

Nevertheless, in many models, for instance in Celestialiédsics,
the Hamiltonian functions are not entire but have a finitg stf
analyticity.

We considerd; meromorphic inc and we want to see how the
distance between the perturbed invariant manifolds dependhe
width of the analyticity strip.

We focus our study in a particular example.




I t
¥ =sinz + pe’ sm.?: fl-1,
(1 4+ asinx)?” \ e

where f(7) is an analytic function which depends either periodically o
guasiperiodically onr.

e Takingy = = we have a Hamiltonian system with Hamiltonian

t 2
H (:U,y,g) — % + cosx — 1+,u€77¢(x)f<

wherey(x) is a primitive of— sinz /(1 + o sin x)2.

e (0,0) is a hyperbolic critical point for the perturbed system.




e The perturbation is meromorphic anhand has analyticity strip of

J1 = o2
|Imzzj|<1n<1+ ! oz>.
o

width

e Then,

— Whena = 0 the perturbation is a trigonometric polynomialatn
This case has been studied by Treshev (periodic case) and
Delshams, Gelfreich, Jorba and Seara (quasiperiodic t@se)
different choices off.

— Whena = 1 the perturbation is not defined in the whole real ling
— We want to study the splitting for any € (0, 1).

— We first deal with periodic perturbations and later we wilhte
with quasiperiodic ones.




Periodic case

e Model:

y , . sin @ .t
T =SInNT + Ue : 5 Sl —
(1 4+ asin) £

e \We measure the maximal distance between the invariant oldsiin
the sectiont = 7, which we calld.

e First we review the previous results far= 0.




The polynomial case {& = 0)

€

t y? .0
Ty, - )= +cosx — 1+ pe(cosx — 1) sin —.

e The unperturbed separatrixy$u) = (zo(u), o(u)) with
xo(u) = 4arctan(e*)

which has singularities at — zg tikm k€ Z.




Classical Melnikov Theory

We define thévielnikov functionas:

+o0o
M(to) = / {Ho, Hy} (), (u+ o) /)dt

— 0

wheres corresponds to the time evolution through the separatrix.

M can be computed throughsiduums methosinceH,, H, and~
are known.

It essentially gives the first order pnof the distance between the
perturbed invariant manifolds.

In our example

d= 2%u5"‘2e_2l€ + O (,u2€277) :

Therefore, in order to be valid the Melnikov predictionhas to be
exponentially smaklvith respect t.




Theorem (Treschev 97) For sufficiently smallandu < po,

e If n > 0 (regular case), Melnikov predicts correctly the distance:
d = 2mpe"2e "2 (14 O (ue"))

e If n = 0 (singular case), Melnikov fails to predict correctly bueth
distance is exponentially small

d=e 22 (|f(1)] + p O (eln(1/e)))

wheref(u) = 2mip + O(p?) is an analytic function.

e In both cases, the exponential small coefficient is givem |1
which is the imaginary part of the singularity of the sepaxatlosest
to the real axis.




This result has been generalized (Bal@grontich, Guardia and Seara)
to Hamiltonian Systems of the form

2
H(2,y,t/e) = 5 + V(@) + ue"H (2,9, t/<).

such thatH has polynomial dependence (n y).

Under certain assumptions, there exists> 0 such that,

e If n > n* (regular case), the Melnikov function predicts correchig t

first order for the distance.

e If n = n* (singular case), the Melnikov function fails predicts
correctly the first order for the distance.

e In both cases,
d~ ePe”

wherea is the imaginary part of the singularities of the
parameterization of the separatwhich are closest to the real axis.




Meromorphic perturbation: « € (0, 1)

Questions:
e Which is the size of the Melnikov function?
e Which is the size of the the splitting of separatrices?

e When the strip is of the formr ~ In(1/«) with o < 1, can we
expand the perturbation mand just consider the first order? or all
the orders make a contribution to the first order of the ceifee
between manifolds?

We focus our study in the Regular case, for which the Melnikanction
predicts correctly the splitting.




Computation of the Melnikov function

e Model:

. . - sin x ot
T =SINT -+ UE : 5 Sl —
(1 4+ asinx) €

e Melnikov function:

M (to) :/+°°y(u) sinx(u)u))2 . <u+t0>du

Lo (1 4 asin x(
/ oo sinh u cosh u , (
=4 )2 sin

— 00 ((3osh2 u — 2 sinh u

e The first order of this integral can be computed using residue
theorem.




Computation of the Melnikov function (1l)

If « = O (¢¥) with v > 2: The integral is uniformly convergent in
the reals.

We expandV/ () in power series of:

o) +oco - k+1
Mito) =4 (k + 1)2kozk/ sinh ©w (u T to) du.

k—0 _eo cosh?* Ty 3

Its first term gives the bigger contribution to the Melnikaegiction
for the distance

s

d ~ 2mue e 2¢.

The exponential coefficient/2 is the imaginary part of the complex
singularity of the separatrix.

Conclusion: If the analyticity strip of the perturbationaig) enough
(o < £2?), the size of the Melnikov function is given as in the
polynomial perturbation case.




Computation of the Melnikov function (lll)

If o = O(e”) with v € [0, 2], the integral of the summands is bigger
ask increases.

We look for the singularities of the integrand of

oo inh h
M(to):4/ sinh u cosh u sin(

— 00 ((3osh2 u — 2a sinh u) °

Consideru® = ¢ + 1p singularities of the integrand closest to the
reals.

Ifozissmallp:i(g—\/&+(’)( )).

If « Is fixed and independent ef p is also independent afand is
unrelated to the singularities of the separatrix.




Computation of the Melnikov function (1V)

e Then, the Melnikov prediction for the distance is

el _p

d:C’,u\/ae_a

e |f, for instance, one takas = ¢,
3 T—24/¢
d=Cc""2¢ 2¢
e In these cases,

— Even if a Is small, the first order of the Melnikov function is
given by the full jet ina of the perturbation.

— The splitting has bigger size than in the polynomial case.




Validity of the Melnikov prediction

If a = O(e”) with v > 2 ande is small enough: the Melnikov
function predicts correctly the splitting provided> 0.

The limit casen = 0 (integrable system and perturbation of the sa
order) is expected to have exponentially small splitting of
separatrices which is not well predicted by the Melnikovdiuon.

If o = O(e”) with v € [0, 2], € is small enough and < 1: Melnikov
function predicts correctly the splitting provided+ g —1>0.

The limit case) + g — 1 = 0 is expected to have exponentially sma
splitting of separatrices which is not well predicted by khelnikov
function.




Narrow strip of analyticity

Recall

. : sin & ot
r=Ssmx -+ U : 5 Sl —
(14 asinx) 3

If we takea =1 — O (¢"):

e The strip of analyticity inz of the Hamiltonian i) (¢2).

e If r € (0,2), the distance between the invariant manifolds increase
asr increases.

e If » > 2, the distance becomes non-exponentially small

d ~ Iugn—Sr/Q




Quasiperiodic case

e Model

' t 1
Z =sinx + pe' e F(l —),

(1 + asinz)? e e
whereF : T? — R andy = % is the golden mean.

e Fora = 0, this model was studied by Delshams, Gelfreich, Jorba &
Seara (1997) assuming certain conditiongfon




e \We assume the same hypotheses as them.

e Take

(917 02 Z F 'Lk@

kez?
e Hypotheses:

— There exists constant, ro > 0 such that

sup Rl grilka |42k

keZ

— There existsn, kg > 0 such that

—7r1|k1]|—r2|k2]

‘F[k]| > me

for all |k1|/|k2| which are continuous fraction convergentsyof
and|ks| > k.




Results fora = 0

e If n > 1 the Melnikov function predicts correctly the splitting
between the invariant manifolds.

e The distance can be bounded as

C’l,ue”_le_6<6) V2e « g < C’Qu&t"_le_c(s) V 2¢

wherec is a function which has upper and lower bounds independse
of e.

e These bounds only depend onandr, and the Diophantine
constants ofy.




Results fora € (0, 1)
If n > n*, the Melnikov function predicts correctly the splitting.

If @ = ¥ with v > 1, the distance between manifolds coincides wi
thea = 0 case.

If « =¥ withv € (0,1) ora is independent of,

n—3 —c(e £ n—3 —c(e £
Crpeh™2 —clen/g _ ,  Cone""2 <>\/;
Va Va

As in the periodic case, far independent of the singularity of the
separatrix does not play any role in the size of the splitting




Final remarks for the quasiperiodic case

e As in the periodic case,
— If  — 1, the splitting increases.
— If the strip of analyticity is very small (for instanee= 1 — £2)
the splitting is non-exponentially small.

e This agrees with what Nekhorosev Theory says: the widerttipesd
analyticity of the Hamiltonian the longer is the stabilitmne.




Conclusions

e The size of the splitting of separatrices behaves diff¢ydat

meromorphic and polynomial perturbations both in the mhcand
guasiperiodic cases.

e The size of the splitting increases as the width of the aitatlyistrip
narrows.

e When the strip of analyticity is very big, it is dangerous xpand the
perturbation since it can give the wrong answer.




